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XVI. On the Arithmetic of ImpoJJible Quantities. By the 
Rev. John Playfair, A. M. Communicated by the 
Rev. Nevil Maikelyne, D. D. F. R. S. and Aftronomer 
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Read Feb. 26, h | ^ g paradoxes which have been intro— 
1778. | 

duced into algebra, and remain un¬ 
known in geometry, point out a very remarkable dif¬ 
ference in the nature of thofe fciences. The propofitions 
of geometry have never given rife to controverfy,, nor 
needed the fupport of metaphylical difcuffion. In alge¬ 


bra, on the other hand, the doCirine of negative quanti¬ 
ties and its con&quences have often perplexed the ana¬ 
lytic and involved him in the moft intricate deputations. 
The.caufe of this diverfity, in fciences which have the 
fame object, muft no doubt be fought for in the different 
modes which they employ to exprefs our ideas. In geo¬ 
metry every magnitude is reprefented by one of the fame 


Rind lines are reprefented by a line, and angles by an 
angle. The genus is always figni tied by the individual, 
and a general idea by one of the particulars which fall 
under it. By this means all contradiction is avoided, and 


the 
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On the Arithmetic of impojjible Hyantities. 319 
the geometer is never permitted to reafon about the rela¬ 
tions of things which do not exift, or cannot be exhi¬ 
bited. In algebra again every magnitude being denoted 
by an artificial'fymbol, to which it has no refemblance, 
is liable, on fome occafions, to be neglected, while the 
fymbol may become the foie object of attention. It is 
not perhaps obferved where the cennection between 
them ceafes to exift, and the analyft continues to reafon 
about the characters after nothing is left which they can 
poflibly exprefs: if then, in the end, the conclufions 
which hold only of the characters be transferred to the 
quantities themfelves, obfcurity and paradox muft of ne~ 
ceflity enfue. The truth of thefe obfervations will be 
rendered evident by confidering the nature of imaginary 
expreflions, and the different ufes to which they have 
been applied. 

a. Thofe expreflions, as is well known, owe their ori¬ 
gin to a contradict ion taking place in that combination 
of ideas which they were intended to denote. Thus, if 
it be required to divide the given line ab (fig. 1 .) = a 
in c, fo that acxcb may be equal to a given fpace /$% 
and if ac=at, then x=^a±"s/±a z -b z ; which value of x is 
imaginary when b* is greater than \a l ; now to fuppofe 
that b 1 is greater than -a 1 , is to fuppofe that the rectangle 
acxcb is greater than the fquare of half the line ab, 

which 
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which is impoffible. The lame holds wherever expreffions 

of this kind occur. Thus, when it is aflerted that unity 

has the three cube roots i, ~~ 3 , no 

more is meant than that when the general equation 
■x'-ax'+bx-r-o is, by a change in the data, reduced to 
the particular ftate x l ~ i -o, x is then equal to unity only, 
and admits not of any other value, as it does in more 
general forms of the equation. The natural office of 
imaginary expreffions is, therefore, to point out when 
the conditions, from which a general formula is derived, 
become inconfiftent with each other; and they cor- 
xefpond in the algebraic calculus to that part of the geo¬ 
metrical anal ylis, which is ufually ftyled the determina¬ 
tion of problems. 

3.. This, however, is not the only ufe to which imagi¬ 
nary expreffions have been applied. When combined 
according to certain rules, they have been put to denote 
real quantities, and though they are in fadt no more than 
marks of impoffibility, they have been made the fubjedts 
of arithmetical operations; their ratios, their products, 
and their fums, have been computed, and, what may 
feem ftrange, juft eonclufions have in that way been de¬ 
duced. Neverthelefs, the name of reafoning cannot be 
given to a procefs into which no idea is introduced. 

Accordingly 
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Accordingly geometry, which has its modes of reafon- 
ing that correfpond to every other part of the algebraic 
calculus, has nothing fimilar to the method w'e are now 
confidering; for the arithmetic of mere characters can 
have no place in a fcience which is immediately conver- 
fant w'ith ideas. 

But though geometry rejects this method of inveftiga- 
tion, it admits, on many occafions, the conclulions de¬ 
rived from it, and has confirmed them by the molt ri¬ 
gorous demonftration. Here then is a paradox which 
remains to be explained. If the operations of this imagi¬ 
nary arithmetic are unintelligible, why are they not alfo 
ufelefs ? Is inveftigation an art fo mechanical, that it may 
be conducted by certain manual operations? or is truth 
fo eafily difcovered, that intelligence is not neceffary to 
give fuccefs to our refearches? Thefe are difficulties 
which it is of fome importance to refolve, and on which 
much attention has not hitherto been bellowed. Two 
celebrated mathematicians, Bernoulli and maclaurin, 
have indeed touched on this fubjeCt; but being more in¬ 
tent on applying their calculus, than on explaining the 
grounds of it, they have only fuggefted a folution of the 
difficulty, and one too by no means fatisfaCtory. They 
alledge that when imaginary expreflions are put to 

( a ) Op. j. BERN. tom. I. N" 70. maclaur. Flux. art. 699—763. 

denote 
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denote real quantities, the imaginary characters involved 
in the different terms of fuch expreffions do then com- 
penfate or deftroy each other. But befide that, the man¬ 
ner in which this compenfation is made, in expreffions 
ever fo little complicated, is extremely obfcure, if it be 
conlidered that an imaginary character is no more than 
a mark of impoffibility, fuch a compenfation becomes 
altogether unintelligible: for how can we conceive one 
impoffibility removing or deftroy ing another ? Is not this 
to bring impoffibility under the predicament of quantity, 
and to make it a fubjeCt of arithmetical computation? 
And are we not thus brought back to the very difficulty 
to be removed? Their explanation cannot of confe- 
quence be admitted; but, on attempting another, it be¬ 
hoves us to obferve, that a more extenlive application of 
this method, than had been made in their time, has now 
greatly facilitated the inquiry. We begin then with 
confidering the manner in which the imaginary expref- 
lions, fuppofed to denote real quantities, are derived; and 
the cafes in which they prove ufeful for the purpofes of 
inveftigation. 

4. Let a be an arch of a circle of which the radius 
is unity, and let c be the number which has unity for 
its hyperbolic logarithm, then the line of the arch a, or 

lin. 
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fin. a~ 




and cof. a = 


ca */—1 4. £ —<V— 1 


Thefe 


2 ^ — 1 7 *’ ~ 2 

exponential and imaginary values of the fine and cofine 
are already well known to geometers; and the inveftiga- 
tion of them, according to the received arithmetic of 
impofiible quantities, may be as follows. 


Let fin. a-Zj then^= 


v/ 1 * 


To bring this fluxion 


under fuch a form that its fluent may be found by loga¬ 
rithms, both numerator and denominator are to be mul¬ 
tiplied by v 7 -1; then a -</-1 x —==, and (by form. 

6.HARM.Men.)^=v / -i x log. —- . Hence -— ) 0 r 
1 x = log.—> and becaufe 1 is the log. of c, 


a - 

» wherefore, if both parts of the fractional 

index of c be multiplied by V-i, c ~ a ^ 1 =. 
Again, if the arch a be confidered as negative, its fine be¬ 
comes alfo negative, and therefore —a — V — 1 x log. 

5 or > ~^ v/ ~ 1 =“ lo S- ~ Z v— 5 andas// ~ 1 “ 
log. =2±^p ; whence alfo, If from 

this equation the former be taken away, there remains 


- cV—1 _ V— r , whence dividing by a%/-1 we 

have 2 = fin. ^ * B ? addin 3 together the 

Vol. LXVIII. T t equations 
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equations a value of the cofine may be found in the fame 
imaginary terms which were afligned above. Now by 
means of thefe expreflions many theorems may be de- 
monftrated; it may, for example, be fhewn, that if a and 
b are any two arches of a circle, of which the radius is 

unity, then fin. a x cof. b — — -. For fin. a~ 


C a \f —* —• l —* « — I *4- -1 

--? and c °£ -", therefore, fin. a 

x cof, b - 


1 — c — a —^X\/—1 -f- c a — ^y.s/- 


. (b —«'X \f —I 


Wr 


fin. a -f b fin. a-—b 
___ 

5. Now it may be obferved, that the imaginary value 
which has been found for fin. a was obtained by bring¬ 
ing a fluxion, properly belonging to the circle, under the 
form of one belonging to the hyperbola. It may, there¬ 
fore, be worth while to inquire, whether a fimilar ex- 
preflion may not be derived from the hyperbola itfelf. 

Let bad be a redtangular hyperbola (fig. 2.) of which 
the center is c, and the femi-tranverfe axis ac = 1; let b 
be any point in the hyperbola, join bc, and let be be an 
ordinate to the tranfverfe axis. Then, if the fe&or 


acb = \a , and be =z, it is known that a- — =?=r ; whence 
_ >/h-* 

a~\og. z +\Zi+«% and c a =z+ Vi +z\ But if the feeflor 
be taken on the other fide of the tranfverfe axis, a and z 

become 
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become negative, and c~ a ~ - s+V 1 +«\ Hence z~ 
in like manner the abfcifs belonging to acb, that 
is ce = —. Thefe values of the ordinates and abfciflaj 
differ in nothing from thofe of the fines and coiines 
already found, except in being free from impoffible 
quantities; for it is evident, that the quantity a is related 
in the fame manner both to the circular and hyperbolic 
fedtors. If now ord. a and abf. b denote the ordinate 
and abfcifs belonging to the fedtors \a, ~b refpedtively, 

n r ca — t— a £ b + C— b C a + b — C— a ~~ b 4- c a ~~ b — -C b —a 

ord. a x abf, b = —-— x —-— =----— = 

■4 * q- 

Ord, ord. a—it 

_ + _ , 

6 . The conclufions in both the foregoing cafes are 
perfedtly coincident, and the methods by which they 
have been obtained are fimilar; though with this dif¬ 
ference between them, that in the firft all the fteps are 
unintelligible, but in the laft fignificant. If then, not- 
withftanding a difference which might be expedted fo 
materially to affedl their conclufions, they have been 
equally fuccefsful in the difcovery of truth, it can be 
afcribed only to the analogy which takes place between 
the fubjedts of inveftigation; an analogy fo clafe, that 
every property belonging to the one may, with certain 
reftridtions, be transferred to the other. Accordingly, 

T t 2 every 
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every imaginary expreffion, which has been found to 
belong to the circle in the preceding calculation, is by 
the fubftitution of real for impoffible quantities, or of 
\/i for \/—i, converted into a propofition which holds 
of the hyperbola. The operations, therefore, performed 
with the imaginary characters, though deftitute of mean¬ 
ing themfelves, are yet notes of reference to others which 
are fignificant. They point out indirectly a method of 
demonftrating a certain property of the hyperbola, and 
then leave us to conclude from analogy that the fame 
property belongs alfo to the circle. All that we are 
allured of by the imaginary inveftigation is, that its con- 
clufion may, with all the ftrictnefs of mathematical rea- 
foning, be proved of the hyperbola; but if from thence 
we would transfer that conclulion to the circle, it mull: 
be in confequence of the principle which has been juft 
now mentioned. The inveftigation, therefore, relblves 
itfelf ultimately into an argument from analogy; and* 
after the ftricfteft examination, will be found without any 
other claim to the evidence of demonftration. Had the 
foregoing propofition been proved of the hyperbola 
only, and afterwards concluded to hold of the circle, 
merely from the affinity of the curves, its certainty would 
have been precifely the fame as when a proof is made 
out by the intervention of imaginary fymbols. 

4 8 . Though 
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8. Though it might readily be coucluded, that the 
fame principle on which the foregoing inveftigation has 
been found to proceed, extends itfelf to all thofe in which 
imaginary expreffions are put to denote real quantities, 
it may yet be proper to make trial of its application in 
fome other inftances. 

Let ab, ac, ad, ae (fig. 3.) be any arches of a circle 
in arithmetical progreffion, and let m be their number; 
it is required to find the fum of the fines bc, ch, Szc. of 
thofe arches. Let the radius af= i, ab =a, and the com¬ 
mon difference of the arches, or bc=#; the fum of the 
feries fin. a+fm. a+x + fin. a + ix+ . (m) is to be 

—I- 1 — a \/—1 

found. Now, becaufe fin. a = -— > and 


c a-{-xX \/—i — c —«—xX 

fin. a + x - --> 

fin. a + fin. a + x + fin. a + %x . . . 


See .; the feries 


(m)~ 




21 /—* I 


X 


1 +c*' / -'+c * x ' / ~ 1 . (m) - x 

i ..... (m). But thefe feries are 

both geometrical progreffions, and the fum of the firft is 


2 V — 1 


X 


I- 

nr ..... 

1—tV— 1 9 


and of the fecond, 


c—<’</—’ 
21/-1 


I— c — mxtj—i 

* 1—f—v— 1 * 


The fum of the propofed feries therefore 


ca^f—i 1 — c —*»/— 1 I— t — 

= 21/'-—I X I—iV-* i/—1 X I— 

—I_ c ci+rttxX V'— 1 - c*—** a /"* 1 + a/—* 


1 

21/—1 


1 

2^—1 


x 


X 
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rmmm £**-**/—i + ^-o^SnuX */~~t ^ + jfX v^-*» 

**"’’ ” i—.^V— 1 — c —W—>+1 ’ 

i in which expreffion, if the fines be fubftituted for their 
imaginary values, we have 

fin. c — fin. a 4 - m -v — fin. a — « + fin, a 4- mx — x 
ax i — cot * 

fin. <3+fin. *?+.r+fin. a+ 2X ..... (*»). q. e. i. 

When ab=bc, or M=x y the propofed feries becomes 
fin. jc + fin. 2 x + fin. 3 at ..« .„ . (m), and its value = 

iirt l^x iwa? 

2 x i—col. x. 

In like manner it .will be found, that the fum of the 
cofines of the fame arches, or cof. #+cof. a+x+coi.a+ ix 

s x _ cof. a — cof, a -f mx — c of. a — x 4. cof. a-\- mx — x * 


s N coi. a — cot. a + mx — coi. a — * coi. a+ mx —- x 
+ . .... (/»)= ---• ~.■ ■ -: 

and when a=x y cof. x + cof. 2 X + cof, 3 x ..... (m) = 

cof. mx —cof, »<-f -1 xx , 

2X1 —— colT# ** 

9. To folve the fame problem, in the cafe of the hy¬ 
perbola,.we rauft follow the fteps which have been traced 
out by thefe ('imaginary operations. Let abe be an 
equilateral hyperbola (fig. 4,) of which the center is f, 
and the tranfvetfe axis af=i.; let abf, acf, adf, &c. 
be any fe&ors in arithmetical progrefiion, and let m be 
their number; it is required to find the fum of all the 
ordinates bg, ch, dk, See. belongmgthofe ffeftors. Let 
the feftor afb = and the fe&pr bfc, which is the 


common 
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common difference of the fedtors, —\x: then bg, or 

£ct __ £——a - — ■ _ f — a—x 

ord. #= ——, and ch, or ord. a+x=~ ---, by art. 

5. Therefore the feries of ordinates, that is, 
B.G + CB + DK+ ..... (m) - — X I + c x + c± x +. (m ) - 


e— a 

2 


. . — —— ■ - c a j c mx i—a 1 c —m x 

X i+c-*+c- 2 *+ . .... (m)-~-x 7 — r --~x^- 


• ~T X 


-£d + mx _ £<i—x (a -f- mx—x — c~~~ a - 


-c —* 
_ £— a—tnx + X 


I — C x - 


V -f I 


ord. a — ord. a 4- mx ~—ord; a — x 4 ord, a rnx - 


2 Xi —abf x 


When a=x. 


ord. x-+ ord. 2 x ■ + ord. 3# + . . . . . (m)- 

ord. x —ord. «-+- i x* + ord. mx 

m 1 — -— ' ," ■ • 

2 .X 1 —abf * 


In like manner it is proved, that the fum of the. 
abfciflie, that is, fg+fh+fk+. (in) - 

abf -abf a\mx —abf a — # 4 ~abf a-\-fnx—x 1 -U , . 

----.—^I---; and when a=x r t his 

*» V T__ Q hi V ' 


expreffion becomes 


2 x 1—abf. x 

abf mx — abf. m -f 1 x x 


2X1 —abf x 


10. The coincidence of the theorems deduced in the 
two laft articles is obvious at firft fight, and if the me¬ 
thods by which they have been obtained be compared, 
it will appear, that the imaginary operations in the one 
cafe were of no ufe but as they adumbrated the real de- 
monftration, which took place in the other. This will 
be rendered more evident by confidering that the refolu- 
tion of the feries of hyperbolic ordinates, into two others 


of 
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of continual proportionals* cdn be exhibited geometri¬ 
cally. For, from the points a, b, c, and d, let am, bn, 
co, dp, be drawn at right angles to the afTymptote fp ; 
let gb produced meet fp in <i_, and let br be perpendicu¬ 
lar to the conjugate axis fr. Then, becaufe the triangles 
frs, fma, are equiangular, af : fm :: fr : FR* hence fr= 
^ xfs'=^ x fn - nb. For the fame reafon ch = 
— xfo-oc, and dk= — xfp-pd. Therefore, bg+ch+dk 

FA FA f 

F M -- FM ™ - 

= -xfn + F-o+ fp -— x bn +co+ dp now, fn»fo, fp. are 
continual proportionals, and fo alfo are bn, fo, fp, be¬ 
caufe the lectors fbc, fcd, are equal. But in the circle 
no fuch refolution of the propofed feries of fines can 
take place, that feries being fubjeCl to alternate increase 
and diminution; on which account it is, that imaginary 
characters enter into the exponential value of the fine. 
Thofe characters are therefore fo far from compenfating 
each other in the prefent cafe, as they ought to do, on the 
fuppofition of Bernoulli and maclaurin, that they ma- 
nifeftly ferve as marks of impoffibility. There remains, 
of confequence, the affinity between circular arches and 
hyperbolic areas, or between the meafures of angles and 
of ratios, as the only principle on which the imaginary 
inveftigation can proceed. It need fcarcely be obferved, 

that 



Arithmetic of impojftble Quantities. 331 
that the exponential value of the hyperbolic ordinate 
may be deduced from what has been proved in this 
article. 

11. But as the arithmetic of impoflible quantities is 
no where of greater ufe than in the inveftigation of 
fluents, it is of confequence to inquire, whether the pre¬ 
ceding theory extends alfo to that application of it. 

Let it then be required to find the fluent of the equa¬ 


tion tr + ay-Q.j, where (^denotes any function whatever 

of x. For this purpofe, the following lemma is premifed: 
let x be any arch, and p any flowing quantity; then, if 
the fign (\ be taken to denote the fluent of the quantity 

to which it is prefixed, fin. xJp cof. x-co{. xJp fin. x— 

C ^rfp cW ~ 1 ’ or if ** be a hy¬ 
perbolic fe£tor, ord. x Jp abf. x — abf. x J'p ord. x — 


jfpc~* - Jfpc*. 

Becaufe fin. xj'p cof. ^~ ™ - J'p 

by feparating the terms we have fin. xJp cof. x =s 


cW — 1 


■Zi-jtc—' * 




r-V— 1 
W 


rift'"-’- 


1 

fp c—x ✓— 1 1 for the fame reafon - cof. xj'p fin. x- 


W 
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j'pc~~*‘S~ *. Wherefore, by collecting the fum of 
all the terms, we have fin. xJ'pcot.x-cot.xj'p fin. x — 

The dcmonflration in the cafe of the hyperbola is free 
from imaginary expreffions; but, in other refpe&s, is 
exactly fimilar to that which has now been given in the 
cafe of the circle. 


12. Let the co-efficient of y in the propofed equation 
be firft fuppofed negative, that is, let^ -ay=Q^ f and if 
we multiply by c nx x, n being a conftant but indeter¬ 
minate quantity, it becomes C -j- -a 1 c nx yx-c nx qx. Let 


c'-' x -j - b y be affumed for the fluent, a and b being 

indeterminate, and let its fluxion be taken, then, 

ac " x y 

— -r*- + n a c” x y — n b c n *yx — c nx qjc. 

- b c nx y. 

Hence, by comparing the terms, we get a= i, n a- b— o % 
«b=«*; therefore, n=*a, and b=±^: for n and b let 
the value + a be fubftituted, and for a, its value, 

unity; and the affumed equation becomes4 —cyxc ax — 

fc ax ox, or *-.-ayzzc- ax J'c ax Qx. Let this equation be 
multiplied by c mx x ) m being indeterminate as before, and 

Cnxy 
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c mx y-ac mx yx-c m ~ uXx xJ'c ay Qji. The fluent of the firft 
member of this equation is evidently of the form d c mx y, 
the fluxion of which, viz. d c n:x y -t- d m c mx yx being com¬ 
pared with the former gives d= i,and m=—a; wherefore, 

cr~ ax y- J':~ 2 ax xJ' :' !X q^x, or y=c ax x J'c~ 2 ax xJ' 

Let = z, and c~ 2 ax x — v ; then J^c~ 2 ax xJ'c' tx qjx — 

fzv =zv—j' uz; but v— — — l -— t fuppofing that v and 
x vanifli at the fame time; therefore vz -fvz= 


x- c —fc**<ix- L fca ^ +ifc -^ = 

TaS c ~ ax ~ l^J' caXQ - si ' Hence y - ^ a f ^~ ax - 

This value ofy is fufficient for the con- 
ftrudtion of the fluent, becaufe the quantities Jc~ ax qx, 

and J't: ax <i_x depend on the quadrature of the hyper¬ 
bola; but if we would introduce into it the ordinates 
and abfcifies of that curve, we need only have recourfe 
to the foregoing lemma, from which it appears, that 

y = ^ ord. axJ'oji abf. ax- ~ abf. axJ'\x ord. ax. 

13. Let the co-efficient ofy be now fuppofed affirma¬ 


tive, or let £.+tf*y=Q. In this cafe imaginary expreffions 

* ** 

are introduced into the fluent, and the conftrudion by 

U u 2 the 
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the hyperbola becomes impoffible. For we have then* 
n—±aV —i, from which, by proceeding as above, we get 

y- ^“7 J e ~ axV ^ x -Z 77 =rJc a **'- t qw; hence 
alfo, by the lemma, y — fin. ax J' o^x cof. ax - 
cof. ax J'xx fin. ax. Here the quantities ,^Qjx cof. ax, 
and /xx fin. ax, are affignable by the quadrature of the 
circle, in the fame manner as J'<x,x abf. ax, and 

Cxjx ord. ax, by the quadrature of the hyperbola j but 
the method of inveftigating them, though an illuftra- 
tion of the principles which we have laid down, is too 
well known to need to be inferted here. In like 
manner might the fluents of innumerable fluxionary 
equations, comprehended under the general form 

o=y+ —■ + % + % + &c.be deduced,and all of them would 
tend to prove that the arithmetic of impoffible quanti¬ 
ties is no more than a method of tracing the analogy be¬ 
tween the meafures of ratios and of angles, m. m. 
EULER w and D’ALEMBERT^were the firft to integrate fuch 
equations as the preceding, and the method employed 
here differs from theirs only by being better adapted ta 
illuftrate the principle which is common to them all. 

( d ) Theorie de la Lune. 

14. The 


(b) Nov,. Com. Petrop. tom. III. 
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14. The forms in the Harmonic, Menfurarum might 
alfo he brought to confirm this theory; but, without 
accumulating inftances any farther, it may be fufficient 
to remark two confequences that follow from it: t . That 
the only cafes in which imaginary exprelfions may be 
put to denote real quantities, are thofe in which the mea- 
fures of ratios or of angles are concerned, a. That the 
property of either of thofe meafures, fo inveftigated, 
might have been inferred from analogy alone. Now 
both thefe conclufions are agreeable to experience. It 
does not appear, that any inftance has yet occurred where 
imaginary chara6ters ferve to exprefs real quantities, if 
circular arches or hyperbolic areas are not the fubje&s of 
inveftigation; and if the conclufion obtained may not be 
transferred from the one to the other, by a mere fubfti- 
tution of correfponding magnitudes; that is, of fines for 
ordinates, cofines for abfciffes, and circular arches for the 
doubles of hyperbolic feilors. The affinity between the 
circle and hyperbola is not however fo clofe, but that it 
is fubjedt to certain limitations, from confidering which, 
the truth of what is here afferted will be rendered more 
evident. 

1. Any propofition demonftrated of hyperbolic fec- 
tors may be transferred to circular arches by fubftitution 
alone, without any change in the figns, when only 
T abfcifise 



336 Mr. Playfair on the 

abfciffae and their products enter into the enunciation, 

and converfely. Thus abf. ax abf. b — -f? bf4 f . 

and cof. a*c of. t= 0 -~ + • The fame holds 

•when the fimple.power of the ordinate is combined with 
any power whatever nf the abfcifs: fa in the theorems 

of art. 5. and 4. ord. a x abf. b = ; and 

~ ^ , fin. a-\-b fin. a —-b 

fin* ax col. b = —•-— + —-—r. 

2 2 

a. When an expreflion containing any property of 
-hyperbolic, fedtors, involves in it the redtangle of two or¬ 
dinates, the valpe of that rectangle mult have a con¬ 
trary fign, when a tranlifipn is, made to the circle. Thus 

ord. it x ord. b = —— a - — — ; but lin. a x fin. b = 

2 2 

+ c of. difference which according to 

this rule is found between, the powers of ordinates and 
of fines may be feenin the following examples.. If {w 

denote any hyperbolic fefitor, then; by involving -——•» 
and again fubftituting for the exponential quantities as 
in art. 5. we have, 
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ord. x =-——-— -; and umverfally, 

if « be any number; a the co-effifcient of the fecond 
term of a binomial raifed to the power n, b the co¬ 
efficient of the third, 8cc. and/) the greateft co-effieient r 
when n is an even number, 

j n __ abf. nx—a abf. n—2 Xx-j-b abf, n —4 x* y* .... qf zp p 

ora. # - ~ =*= > 

but when n is an odd number, 

-: — ” n ord. nx — a ord. n— 2 Xx+b ord. 4 x * .... , .,. =p p ord.’* 

ord. # =-‘--—5^- - ---- 

If now * denote an arch of a circle, by fubftituting and 
changing the figns as oft as ord. a 1 occurs in any of the 
preceding expreffions, we get 


fin. x 


i>—cof. 2* 


4- 




Jin. x - J J+ - 11 ' : and univcrfally, if 

n be any number,p the greateft co-efficient of a binomial 
raifed to the power n y a the co-efficient next lefs than p, 
b the co-efficient next lefs than a, and fo on: when n 
is an even number, 

■p —- f _ ip — A cof. 2 ^ 4 -BCOf. 4*-&C. 


Mil when n is an odd riumbfer, 


fin. w 


p fin, x— -a cof. 3*-f : B cof. 5 ?—&c. _ 


Thefe 




Mr* plATPaib. m tb$. 

Thefe ferias differ from Ac fmsner only in the figns, 
and the arrangement of the terms; and when either 
or #-i, is divifible by 4, the figns remain the fame in 
both. 

16. The reafon of the foregoing rule forehanging 
the figns % |hat the, re^angle wider two ordinates to 
the hyperbola is always exprefled by the difference of 
two abfciffae: a!nd that if from the abfeifs belonging to a 
greater fbdtor, be fiibtrafted the ablcifs belonging to a 
lefs, the remainder will be aifematiYe; whereas, if from 
the cofine of a greater areb be fubtra&ed the cofine of a 
lefs, the remainder will be negative. Therefore, that the 
rectangles, expreffed by thefe remainders, may have the 
fame fign, in both cafes, the figns of the remainders muft 
be different. 

It appears then, that the fecond rule, as well as the 
firft, is founded on the principle of analogy when taken 
with the neceffary limimfiens, and it ia like wife evident 
from the inftances which have been produced, that thofe 
rules lead to the very fame cpnclufions which are ob* 
taaned from the imaginary values of the fine and cofine. 

There are, however, inftances in which the analogy 
between the circular and hyperbolic areas being wholly 
interrupted, nCiAer Aefowgolng rules, nor any of the 
fame kind, can be applied ; hut this occasions no andw- 

guity, 
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guity for the conftru&ion required in fuch cafes is by its 
nature reftricted to one of the curves only. Of this kind 
is the Cotefian theorem, which.requires the whole circle 
to be divided into a given number of equal parts, and 
therefore cannot be extended to the hyperbola where a 
fimilar divifion is impoflible. Others of a like nature 
may be derived from the general theorems already in- 
veftigated; for the circle, by returning into itfelf, often 
reduces them to a fimplicity to which there is nothing- 
analogous in the hyperbola. Many examples of this 
might be adduced, but the two following may fuffice. 
1 . Let abcde (fig. 5.) be a regular polygon infcribed in 
a circle, and let m be the number of its iides; it is re¬ 
quired to find the turn of the lines fa, fb, fc, 8tc. drawn 
from any point F in the circumference, to all the angles 
of the polygon. By the method which in art. 8. was 
employed to obtain the fum of the fines of a feries of 
arches in arithmetical progreffion, it will be found, that 
the fum of the chords of the arches a, a+x, a+ 2X } 
.... (m), that is, (making fa -a, and AB=ar) the fum 
of the chords of the arches fa, fb, fc, 8cc. = 


cho. a —cho. a+mx— cho. a — A'-j-cho. a^mx—x m 
2X1—cof . 9 


but, in the pre¬ 


sent cafe, mx is equal to the circumference, and therefore 
~cho.tf+^tf=+cho.#(the chord of an arch greater than 
Vol. LXVIII. X x the 
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the circumference being negative); and, for the fame 

reafon, cho. a+mx-x=- cho. a-x— +cho. x-a. Hence 

, i m i cho. fz 4 *cho. x—a 

the general expreffion becomes — r_f col -, -T;— = fa+fb + 
fc+ . . . . (tn). If therefore gk. be drawn from the 
center, bife&ing the chord ab in h, and meeting the 
circumference in k, the fum of the chords, that is, 

AF-j-FB 

FA + FB + FC + FD + FE= — —xGK. 

r K. 

i. Let n be an even number, the reft remaining as 
above, and let it be required to find the fum of the n 

powers of the chords, that is, the fum of fa +fb*+fc'* 

. (m). By reafoning, as in the cafe of the fines, 

it will appear that, if p be the greateft co-efficient of a 
binomial raifed to the power n\ A the co-efficient next 
lefs than/>; b the co-efficient next lefs a. and lo on, then, 

cho. a — p —2 A cof. a+ 2 B cof. 2«+2D cof. 30+ &c. 

n ... 

cho. a+x zzp —2 A cof.«-j-A-4-2B cof. 2 X#-i-*-h 2 D cof. jXa-f*, &c. 

n 

cho. a+ 2X —p—2 a cof. a+x+ 2 B cof. 2 Xa+2*+ 2 d cof. 3X ~2x. See. 

&c. 

Each of thefe vertical columns is to be continued down¬ 
ward, till the number of terms be equal to m , and there¬ 
fore the fum of the fecond is mp. The fum of the third, 

or of — 2Axcof. #+cof. a+x+cof. a+ ix . (jn\ by 

art. 8. is - a a x cof - g — cof - «+/** — «>£ a — *+cof. a+mx—x _ 

2 Xl—col. X 

(becaufe ntx—thc circumference) 
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cof. a —cof. tfr~cof. 0-—-tf-feoC a~x _ t vi * 

- A x- i—couT 1 -~ 0 • In llke manner do 

the fums of all the fubfequent columns vanifli; and 

therefore, cho. a +cho. tf+x+cho. a+2x .( m)=mp , 

But when n is an even number, p=rr~ x f~.x 

\ n —~* 1 2 «—2 2 n 

s= - 3 'M -—— x 2*". If therefore the radius be put 

1 . 2 . 3*4 . 2 n . 

s= r, and the expreflion made homogeneous, we have 


FA +FB + FC 


(*») = m X 


1.3.57-1 

i*a* 3'4 .£» * 


2 in r n t 


E« I» 

This laft coincides with the forty-firft of the curious 
and difficult proportions publifhed by Dr. stewart, 
under the title of general theorems: it is given there 
without a demonftration, but appears plainly to have 
been inveftigated, in a manner altogether rigorous, by 
that profound geometer. It may therefore be regarded 
as one of the inftances, in which the conclufions of this 
imaginary arithmetic are verified by the geometrical 
analyfis. 

17. The two foregoing proportions being confined to 
the circle, and yet having been inveftigated by the help of 
imaginary expreffions, may, at firft fight, feem excep¬ 
tions to the rule, which we have been endeavouring to 
eftabliih. But it needs only to be remarked, that they 
are particular cafes of certain theorems belonging both 

X x 2 to 
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to the circle and hyperbola, and that it was into the in- 
vefdgation of thofe theorems, that the imaginary expref- 
fions were introduced. 

The conclufions therefore from the whole are thefe: 
that imaginary expreffions are never of ufe in inveftiga- 
tion but when the fubjeCt is a property common to the mea- 
fures both of ratios and of angles; that they never lead 
to any confequence which might not be drawn from the 
affinity between thofe meafures; and that they are in¬ 
deed no more than a particular method of tracing that 
affinity. The deductions into which they enter are thus 
reduced to an argument from analogy, but the force of 
them is not diminifhed on that account. The laws to 
which this analogy is fubjeCt; the cafes in which it is 
perfect, in which it fuffers certain alterations, and in 
which it is wholly interrupted, are capable, as may be 
concluded from the fpecimens above, of being precifely 
afcertained. Supported on fo fure a foundation, the arith¬ 
metic of impoffible quantities will always remain an ufe- 
ful inftrument in the difcovery of truth, and may be of 
fervice when a more rigid analyfis can hardly be applied. 
For this reafon, many refearches concerning it, which in 
themfelves might be deemed abfurd, are neverthelefs not 
deftitute of utility. M. Bernoulli has found, for exam¬ 
ple, that if r be the radius of a circle, the circumference 


1 
























Arithmetic of impojjihle Quantities. 343 

= - U '^~ ~ r; and the fame may be deduced from art. 4. 
Confidered as a quadrature of the circle, this imaginary 
theorem is wholly inlignificant, and would defervedly 
pafs for an abufe of calculation; at the fame time we 
learn from it, that if in any equation the quantity 

fhould occur, it may be made to difappear, by 
the fubftitution of a circular arch, and a property, com¬ 
mon to both the circle and hyperbola, may be obtained. 
The fame is to be obferved of the rules which have been 
invented lor the transformation and reduction of impof- 
lible quantities'^: they facilitate the operations of this 
imaginary arithmetic, and thereby lead to the knowledge 
of the moft beautiful and extenfive analogy which the 
dodtrine of quantity has yet exhibited. 

(e) The rules chiefly referred to are thofe for reducing the impofhble roots 
©f an equation to the form A-f-B-v/— i. 



